Introduction
The concept of harvesting energy from ambient sources has been the focus of the energy harvesting community. Ambient energy sources exist in various forms such as solar, wind, tidal, mechanical vibrations and many more [1, 2] . Energy harvesting converts this ambient energy into electrical energy, which can be used for low-power devices. Out of the available sources, converting mechanical vibrations into electrical energy is the latest trend in research. Vibration can be converted into electrical energy via electrostatic, electromagnetic and piezoelectric transduction [2] .
The conventional linear harvesters produce maximum power at resonance and are hence called resonant harvesters [3] . This puts limitation on the power output of the harvester at wider frequencies. Various strategies have been proposed to increase the bandwidth of harvesters [4] . Frequency tuning, multiple harvester and nonlinear harvesters are most studied approaches. The method of frequency tuning of the harvester adjusts the frequency of the harvester to match with the source [5] , so that the operating frequency range is increased. However, studies have pointed out that tuning the harvesters to resonating conditions is often infeasible [6] . Nonlinearity of the harvesters can be used to extract power over wide frequency bands [7] [8] [9] . Magnetopiezoelastic [7] and inverted cantilever beam [9] are the most widely studied nonlinear harvesters. 05008 (2018) https://doi.org/10.1051/matecconf/201821105008 VETOMAC XIV Use of multiple or multi-modal harvesters [10] has received the most attention and this approach is considered in the present study. While a close eigenmode provides a broadband application with lower power output, a large frequency gap between the modes makes these harvesters ineffective for harvesting power over a continuous frequency band [11] . Mechanical coupling of these multiple harvesters enhances both the magnitude and bandwidth of power [12] . Multiple harvesters with mechanical coupling have been explored in our previous studies [13, 14] . Most of the work related to coupled harvesters were carried out on the basis of numerical studies. The present work considers Harmonic Balance Method (HBM) for analysis and compares with numerical results.
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In this article, two torsionally coupled nonlinear pendulums for broadband electromagnetic energy harvesting is studied. Two pendulums are connected with a torsional springs (see Fig. 1 ). The pendulum lengths are mistuned to obtain increased bandwidth. Effect of coupling these two mistuned harvesters is analyzed using the HBM and a numerical study.
This paper is organised as follows. Section 2 describes the mathematical model and the electromechanical equations that describe the system. Section 3 compares the HBM and numerical results. The salient features emerging from this study are summarized in section 4.
Harvester model
The mathematical model of the harvesting system with torsionally coupled pendulums is reported in this section. Figure. 
Where, damping coefficient is sum of mechanical and electrical damping c = c m + c e . The voltage induced by electromagnetic induction due to the electromagnetic flux B, length of coil L and magnet length l m is given as
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Substituting the non-dimensional parameters from Eq. (3) into Eqs. (1) and (2) leads to nondimensional equations, which are given as,
where ω 1 is the uncoupled natural frequency of first pendulum. µ i is the ratio of mass of each pendulum w.r.t. mass of the first pendulum (m 1 ). Similarly, α i denotes length ratio of each pendulum w.r.t. the first pendulum length. Hence, µ 1 = 1 and α 1 = 1 always. A parameter β represents the coupling between the pendulums. cosθ i and cosθ i terms are expanded up to cubic terms and fundamental harmonic oscillations are assumed.
Substituting Eqs. (5) into expanded form of Eqs. (4) and balancing the terms multiplied by sinωt and cosωt, the following steady state equations are obtained: 
The next section compares results from the HBM and numerical simulation obtained from Eq. (4) using the Runge-Kutta method. The dimensionless parameters used are α 1 = 1, α 2 = 1.1, γ = 0.025, f = 0.02 and µ 1 = µ 2 = 1. To investigate the system, the numerical results and Harmonic Balance results are compared. Figure 2 shows voltage output for forward and backward sweep excitation for uncoupled harvesters (β = 0). It can be seen that both pendulums can harvest the peak voltage at different frequencies due to the difference in the pendulum lengths. A spring softening effect can also be observed. The HBM and numerical results match well.
Results and discussion
The effect of coupling on the voltage response can be observed from Fig. 3 . Two peaks of voltage with reduced amplitude for Pendulum-1 can be observed due to the coupling which indicates multifrequency harvesting. An increase in both the voltage amplitude and the frequency bandwidth at the voltage amplitude of 0.2 is observed. Qualitative similarity in the HBM and numerical results are observed however quantitative differences exist. This may be due to number of terms assumed for the HBM.
Total voltage harvested from the pendulums is obtained by adding individual voltages, the numerical results for total voltage are shown in Fig. 4 . At a voltage amplitude of 0.2 the coupled harvester exhibits higher bandwidth (ω = 0.92 − 1.08) compared to the uncoupled pendulums (ω = 0.92 − 1.02).
Conclusion
In this paper, harmonic balance and numerical methods are applied to obtain the frequency response functions of the coupled pendulum harvester to compare the relative accuracy of the two methods in characterizing the response of nonlinear harvesters. The HBM and numerical results closely match when the pendulums are not coupled compared to the coupled pendulums. More detailed analysis with different parameters needs to be carried out in the future.
